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Abstract. An adaptive grid method is applied to a PDE model from geo-hydrology.
Due to the higher mixed-order derivative, non-monotone waves can appear which
could represent similar structures as observed in laboratory experiments [5, 16, 18].
The effectiveness of the adaptive grid, which is based on a smoothed equidistribution
principle, is shown compared to uniform grid simulations. On a uniform grid (numerical) oscillating non-monotone waves may appear which are not present in the adaptive
grid.
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1 Introduction
Non-monotone waves play an important role in geo-hydrology. In particular, these phenomena are observed in laboratory experiments with, so-called, saturation overshoot and
fingering structures. Figure 1 shows such behaviour in two-phase porous media, similar
to the solutions and structures observed in [5, 16, 18]. The left frame illustrates saturation
profiles for different values of the injection rate of the water at the left boundary of the
domain, starting with initially dry sand in the tube. This corresponds with an almost onedimensional domain in terms of the underlying PDE model. We can see monotone waves
(for low injection rates), non-monotone waves (for average injection rates) and plateautype waves (for high injection rates). The second frame depicts fingering behaviour in a
higher-dimensional setting, similar to the solutions described in [16], in which the black
spots indicate the overshoots compared to the blue regions where monotone ‘flat’ waves
exist. It is known from PDE theory that the traditional models to describe flows in porous
media, such as Richards’ equation or the Buckley-Leverett equation, only possess monotone waves [9, 10, 12]. To deal with this problem, Hassanizadeh and Gray [11] proposed
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a PDE model, using a thermodynamics approach, with an additional term in the model
to include non-static conditions for the capillary pressure. Such a model which includes
a mixed higher-order term, gives rise to travelling waves (TWs) with non-monotone profiles. This behaviour can be explained using an analysis from dynamical systems theory
in which stationary points in the phase plane are connected by a special curve, called the
separatrix. To support the theoretical considerations, numerical experiments for the PDE
model are performed. For an accurate treatment of the numerical PDE solution, it is of
importance to approximate the steep waves by an adaptive grid method. To my knowledge, no adaptive methods have been applied yet to this non-equilibrium PDE model.
Only a few articles in literature deal with adaptive methods applied to porous media (either for the traditional theory with monotone waves or for other theoretical models with
non-monotone waves): [7, 8, 13]. For an efficient application of adaptive grid methods, it
is known from literature ( [1, 3, 4, 14, 15, 19–21]) that smoothness of the non-uniform grid
in the space- and time-direction is crucial. Therefore, the adaptive grid method in this
paper is enhanced with smoothing operators both in space and time.

Figure 1: A sketch of two different types of laboratory experiments with non-monotone waves and fingering
behaviour (left frame: monotone, non-monotone and plateau waves, similar to the ones observed in [5, 18] and
right frame: the occurence of instabilities and fingering behaviour, similar to the observations in [16]).

The paper is organized as follows. Section 2 introduces the non-equilibrium PDE,
the so-called τ-model. Section 3 discusses the existence of travelling waves in the PDE
and its dependence on the non-equilibrium parameter τ. In Section 4 we work out the
adaptive moving grid method in terms of a coordinate transformation. The numerical
results showing the different scenarios are described in Section 5. The main features of
the model are described by three important cases, which also can be found in the second
frame of Figure 1: monotone waves, non-monotone waves with oscillations and nonmonotone waves with the formation of plateaus. The appearance of each of these waves
depends strongly on the parameters in the model. Finally, Section 6 summarizes the
conclusions.
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2 A higher-order non-equilibrium PDE model from porous
media
In this paper we investigate a mixed higher-order PDE model from hydrology of the
form:
∂2 S ∂
∂3 S
∂S
= δ 2 + [ f (S)]+ τ
, (z,t) ∈ [z L ,zR ]×(0,T ],
(2.1)
∂t
∂z
∂z
∂t∂z2
with initial condition S(z,0) = S0 (z). The dependent variable S(z,t) ∈ [0,1] represents
water saturation, δ > 0 is a diffusion coefficient and τ ≥ 0 a non-equilibrium parameter
(see [9–11]). The function f satisfies: f (0) = 0, f (1) = 1, f ′ (S) > 0 and may be related to
a so-called fractional flow function in the full porous media model [9]. In particular we
distinguish between two choices for the function f . The first choice is a convex-shaped
function, representing a one phase situation (water):
f ( S ) = S2 ,

(2.2)

and the second choice is a convex-concave function, indicating two phases (water and
air):
S2
.
(2.3)
f (S) = 2
S + M (1 − S )2
We impose the Dirichlet boundary conditions: S(z L ,t) = S− and S(zR ,t) = S+ . The initial
function S0 (z), the boundaries of the spatial domain, the final time T and the values for
0 ≤ S− < S+ ≤ 1, δ and τ will be specified in the numerical results section. The parameter
M ≥ 1 in (2.3) is related to the ratio between water viscosity and air viscosity. In our
experiments we set the parameter M equal to 1. For the full PDE model (not treated in
this paper) including, among others, the effect of gravity and nonlinear diffusion, other
values of M have to be chosen.

3 Non-monotone travelling waves
In this section we describe special types of solutions in PDE model (2.1). Especially, we
are interested in so-called travelling wave (TW) solutions. For simplicity, we assume now
that f (S) = S2 . The convex-concave case (2.3) is treated in [9, 10] which gives rise to an
even richer structure of the dynamics. The TW Ansatz, assuming a positive constant
speed c, is defined by:
S(z,t) = φ(z + c t) = φ(η ), η ∈ (−∞, +∞), c > 0.
Substituting this in PDE (2.1), we arive at the third-order ODE:
c φ′ = δ φ′′ +[ f (φ)]′ + c τ φ′′′ ,

(3.1)
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where the ′ denotes taking derivatives with respect to the TW-variable η. Integrating (3.1)
once between −∞ and η and using the fact that φ(−∞)= S− , φ′ (−∞)= φ′′ (−∞)= 0, gives
the second-order ODE:
c (φ − S− ) = δ φ′ + f (φ)− f (S− )+ c τ φ′′ .

(3.2)

To obtain an asymptotic expression for the wave speed c, we can take the limit η → ∞ and
use the fact that φ(+∞) = S+ , φ′ (+∞) = φ′′ (+∞) = 0. This yields (asymptotically):
c=

f (S+ )− f (S− ) S+ + S−
=
S+ − S−
2

(for the convex case).

(3.3)

For the analysis of the TW solutions, it is useful to re-write ODE (3.2) as a Liénard-type
system of ODEs:
 ′
φ =ψ
(3.4)
c τ ψ′ = c(φ − S− )+ f (S− )− f (φ)− δ ψ.
A TW for (2.1) in the original coordinate system ( x,t) is a specific trajectory (the ”separatrix”) in the (φ,ψ)-plane (the phase plane) connecting an unstable critical point (at
η = −∞) of ODE system (3.4) with a stable one (at η = +∞). There are only two critical
points in system (3.4):

(φ,ψ) = (S− ,0), and (φ,ψ) = (S+ ,0).
From the eigenvalues of the linearized system of (3.4) we can determine the character of
each of the two points. The eigenvalues can easily be calculated:
λ± =

δ2
S − S−
−δ √
± D, with D = 2 2 + +
.
2τc
4τ c
2τc

(3.5)

From (3.5) it follows that the point (S− ,0) is an (unstable) saddle point in all possible
cases, since λ+ λ− < 0. Depending on the PDE parameters δ and τ we distinguish between
the following two cases for the other critical point (S+ ,0):
• I. a stable focus (spiral point), if D < 0,;
• II. a stable node, if D ≥ 0.

2

Non-monotone TWs exist for τ > τcrit = S+δ−S− since the saddle point is then connected to
a spiral point. In Figure 2 this situation is clarified in terms of a bifurcation diagram (left
panel) and a phase plane plot (right panel). For τ = 0, i.e. the model is a Burgers’ (for f as
in (2.2)) or Buckley-Leverett equation (for f as in (2.3)), it is known that only monotone
waves satisfy the PDE model [2]. The blue vertical line for τ = 0 describes the case of
a viscous Burgers’ equation, whereas the red dot with τ = δ = 0 indicates the inviscid
Burgers’ equation with possible shock solutions. For δ = 0 and τ > 0 (the blue horizontal
line with marks) no TW solutions exist. Since we are looking also for ‘fingering’ structures
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or, at least, non-monotone waves, we need the extra τ-term in PDE (2.1) to describe such
phenomena. Note again that the convex-concave case (2.3) is treated in [9]. There, in
addition, plateau-type waves may appear. In that case three critical points exist in the
dynamical system with a much more complicated behaviour in the phase plane. We
will find these plateau-waves in the numerical solutions in the next section by using an
adaptive grid method to solve the PDE model (2.1).

Figure 2: A bifurcation diagram (left) indicating the existence of monotone-(Case II) p
and non-monotone (Case
I) waves depending on the parameters δ and τ. The black curve is defined by: δ = τ (S+ − S− ). The right
plot shows, for two different values of the parameter τ, trajectories in the phase plane (φ,ψ ). The green curve
corresponds to a non-monotone wave (τ > τcrit > 0, Case I) and the red curve denotes a monotone wave (τ = 0,
Case II).

4 The adaptive moving grid method
For the efficient and accurate numerical computation of the travelling waves appearing
in PDE model (2.1), we employ an adaptive grid method that has shown its usefullness
in many other cases, see for example [6, 20]. The idea behind the adaptive grid method,
which is based on a fixed number of spatial grid points (‘r-refinement’), is to first transform the PDE using another general coordinate system (see Figure 3). The second step is
to define the adaptive transformation and to discretize the coupled system of two PDEs
in the spatial direction. In the final step, an implicit time-integration method is applied
to the semi-discrete ODE system to give the full numerical solution at all space and time
grid points.
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Figure 3: An explanation of the use of the adaptive transformation Φ (right panel): the goal is to transform
the ‘steep’ dependent variable S into a ‘milder’ variable v in the new coordinates such that a fewer number of
spatial grid points N (right panel) is needed compared to the uniform grid case with N ≫ 1 in the left panel
(for a comparable accuracy).

4.1 Transforming the PDE model
The general coordinate transformation is given by

z = z(ζ,θ ),
t = t(ζ,θ ) = θ.

(4.1)

∂z
(shorter notaThe determinant of the Jacobian of (4.1) can be worked out to get: J := ∂ζ
tion: zζ ) and with v(ζ,θ ) := S(z(ζ,θ ),θ ), we obtain the PDE in the new coordinates:

J vθ −(v + zθ )vζ = δ (

vζ
1 vζ
1 vζ
)ζ + τ [J ( ( )ζ )θ − zθ ( ( )ζ )ζ ].
J
J J
J J

(4.2)

The idea is to couple PDE (4.2) to an adaptive grid PDE which defines the transformation
implicitly and completes the system of equations. In the new coordinates then a basic uniform grid (second-order) discretization is used in the ζ-direction (∆ζ is constant).
This gives a strongly coupled nonlinear and stiff ordinary differential equation system,
for which an appropriate time-integration technique must be used to obtain the final numerical solution at each gridpoint in time and space.

4.2 Equidistribution with smoothing
We apply an adaptive grid in terms of the coordinate transformation which satisfies the
fourth-order (in space) and first-order (in time) PDE [14, 20, 21]:

[(S(J )+ τs Jθ ) ω ]ζ = 0, τs ≥ 0.
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Here,
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r
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vζ 2 q
1 +( ) = 1 +(Sz )2
J

is a so-called monitor function, reflecting the dependence of the non-uniform grid on the
v
v
first-order spatial derivative: Sz = Jζ = zζζ . The operator

S := I + σs (σs + 1)

∂2
∂ζ 2

is used to obtain a smoother grid transformation in space. Here, σs > 0 is a spatial smoothing (or filtering) parameter. Finally, the parameter τs takes care of the smoothness in the
time-direction.
For σs = τs = 0 (no smoothing), we return to the basic equidistribution principle (zζ ω )ζ = 0,
which is a continuous representation of the discrete equidistribution property:
∆zi ωi = constant.
This property indicates that the grid will be concentrated (∆zi small) in areas of high
spatial activity for which ωi is large (keeping their product constant). However, without
additional smoothing, the numerical calculation of the combined grid PDE and physical
PDE is likely to give irregular grid distributions and, therefore, creates difficulties for the
numerical time-integrator. For σs > 0 and τs > 0, after discretization, it can be shown [14]
that the spatial grid will satisfy a local-quasi uniformity condition
σs
∆z
σs + 1
≤ i+1 ≤
σs + 1
∆zi
σs
for all gridpoints zi . The combination of both smoothing operators produces both smoothly
distributed spatial grids and smooth grid trajectories in the time-direction from which the
time-integration will benefit. In practice, the choice for the temporal smoothing parameter depends on the time-scales in the model: τs ≈ 10−3 × the ‘critical time scale’ in the
PDE model, which in our situation will be O(1). The spatial smoothing parameter σs can
be taken O(1). For more details on the adaptive grid and the smoothing operators we
refer to [14, 20, 21]. The transformed PDE and the adaptive grid PDE are simultaneously
semi-discretized in the spatial direction following a method-of-lines approach. The timeintegration of the resulting coupled ODE-system is done by a variable fifth-order BDF
method in DASSL [17].

5 Numerical experiments
In this section we give several numerical examples to show the behaviour of both the
adaptive grid and the solutions in the model depending on the model parameter τ and
the flux function f . The adaptive grid parameters are fixed throughout the experiments
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unless otherwise specified: σs = 2 and τs = 0.001. For the time-integration a tolerance
in DASSL of 10−4 is chosen. The initial condition is a steep wave starting at the right
boundary of the domain and reads:
1
S(z,0) = S0 (z) = S− + (S+ − S− )(1 + tanh( R(z − z0 )).
2
The following values for the parameters are chosen: z L = 0, zR = 1.4, S− = 0, S+ = 0.6, R = 50.
In Figure 4 the effect of changing the smoothness parameters is displayed. Low values
of the smoothing parameters cause irregular grid trajectories in time and space, whereas
too high values will have a damping effect on the grid. This will lead to a slow-down of
the grid motion with negative effects on the accuracy. Figure 5 shows the convergence of
both the uniform and adaptive method with an increasing number of spatial grid points,
keeping the same time-tolerance. For the right plot, the parameters are chosen such that
τ > τcrit . Note that the adaptive grid needs approximately a factor of four fewer gridpoints
than the uniform grid method (for the same accuracy). In Figure 6 we see that unnatural
oscillations on a uniform grid may show up (left panels), when the solution should stay
monotone (right panels: the adaptive grid solution). For τ > τcrit the solution itself should
be non-monotone. It is, therefore, difficult to detect this difference on a uniform grid. In
Figure 7 three cases are depicted on an adaptive grid with 101 grid points. In the upper
three plots τ = 0 (a monotone wave), τ = 10−4 with a convex f (non-monotone wave)
in the middle three plots and in the lower three plots with a convex-concave f (a nonmonotone wave with a plateau-shape). These waves are predicted by the analysis in
Section 3 and [9].

Figure 4: Time history of an adaptive grid without spatial smoothing (left), i.e. with σs = 0, a grid with
smoothing in both independent variables (middle) and a grid with too much smoothing, τs = 0.3 (right).

6 Conclusions
Travelling wave solutions for a non-equilibrium PDE model from hydrology are analyzed
and numerically approximated. Depending on the non-equilibrium parameter τ ≥ 0 both
monotone and non-monotone waves can be predicted analytically. For the efficient and
accurate numerical approximation of such waves, smooth adaptive grids in space and

P.-A. Zegeling / J. Math. Study, 48 (2015), pp. 187-198

195

Figure 5: Convergence of uniform and adaptive grid solutions for increasing values of N, τ = 0 (left two plots:
uniform grid vs adaptive grid) and τ > 0 with a convex function f (right plot). The number of grid points is
increased from N = 25 to 400 by doubling in the left frame and from N = 25 to 100 in the adaptive case (central
plot). The right plot indicates the convergence of the adaptive method for the case τ = 3 × 10−4 , δ = 2 × 10−3
for the convex fractional flow function f .

time are used. Since the model possesses an extra mixed higher-order derivative term,
special attention has to be paid to the adaptive grid transformation of the PDE model.
When uniform grids are being used, non-monotone waves can even appear in situations
for which monotonicity is predicted theoretically. The adaptive grid method needs, in
the experiments as described in this paper, approximately a factor 4 fewer grid points
than the uniform grid case (for obtaining the same accuracy). This factor will be higher
for cases with smaller diffusion coefficients δ. The dependence of this gain factor on the
parameter τ is unclear. The effect of high values of τ has still to be investigated. Additionally, one should mention that application of the adaptive grid requires the solution
of an extra nonlinear grid PDE combined with the transformed original physical PDE
model. The numerical solution of the combined nonlinear system of equations, yields,
of course, some loss of efficiency. In an earlier paper (see [20]) we have investigated the
efficiency of the current adaptive grid approach.
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